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Calculations Relating to a Conjecture of 
Polya and Schoenberg 

By Herbert S. Wilf 

In [1] it was conjectured that if the functions 

(1) f(z) =E avz; g(z) = E bvz 
v=1 v=1 

are regular in i z i < 1 and map it onto a schlicht convex domain, then the same is 
true of the function 

(2) h(z) - avbvz 
v=1 

This conjecture was tested, in the manner described below, on the ILLIAC 
computer of the University of Illinois. No counterexample was found, which would 
seem to enhance the plausibility of the conjecture, particularly in view of the fact 
that the test functions tended to have large, non-real coefficients, and therefore 
provided a reasonably stern test. 

The machine program was planned and executed by Messrs. Roger A. Horn 
(Cornell University), Forrest R. Miller Jr. (University of Oklahoma) and Gerald 
Shapiro (Massachusetts Institute of Technology) who visited the Digital Computer 
Laboratory at Illinois during a summer program for undergraduates in Applied 
Mathematics sponsored by the National Science Foundation. These calculations 
were made possible largely by their dedication and enthusiasm. 

According to the Schwarz-Christoffel mapping, the function 

(a) fig 
W 

=lo ( 1 - et~lt . (I 1 _e)` eiOnt)an 

(3) (b) 0 _ oi, , o, < 2 

(c) a. > O (j-1, 2, ... , n) 

(d) at + a2 + + a. = 2 

maps the unit circle 1 - 1 onto a convex polygon with exterior angles alir, -, an7r. 

Hence, a function f(z) was constructed by -(a) choosing a,1, a2 , 
. . . independently 

at random in (0, 1), stopping when a, + a2 + *--+ ?a, > 2 (b) replacing a,, 
by 2 - a1 - a2 - - - a, (c) choosing 01, 02, * , 0, independently at random 
in (0, 27r) (d) computing the first ten power series coefficients of the function (3) 
(a). 

This process was then repeated, producing the function g(z), and the first ten 
coefficients of h(z) of (2) were then calculated. In order for h(z) to map I z I < 1 
onto a schlicht convex domain it is necessary and sufficient that [2] 

(4) - + 2zzh"(z)+1 = 1+2Cz +2C2z ? . 
h'(z) 
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have positive real part in the unit circle, and for this it is necessary and sufficient 
that [3] 

Am = det (Ci-j)nj=o > 0 (m = 0, 1, 2, ).. 
(5) 

(C-k Ck) 

Thus the Cj in (4) were calculated recursively and the determinants AO , Al, . 

Ag were computed and tested for positivity. If the entire sequence of operations so 
far described be referred to as a "case," then one hundred seventy five cases were 
run on ILLIAC. The first one hundred ten were run precisely as described above 
while in the remainder the choice of the ai was biassed toward larger values so as 
to explore more carefully neighborhoods of the extremal function z(1 - z)-1. 
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